Based on the Choquet integral and the generalized Shapley function, two new induced Atanassov's interval-valued intuitionistic fuzzy hybrid aggregation operators are defined, which are named as the induced generalized Shapley Atanassov's interval-valued intuitionistic fuzzy hybrid Choquet arithmetical averaging (IGS-IVIFHCAA) operator and the induced generalized Shapley Atanassov's interval-valued intuitionistic fuzzy hybrid Choquet geometric mean (IGS-IVIFHCGM) operator. These operators do not only globally consider the importance of elements and their ordered positions, but also overall reflect the correlations among them and their ordered positions. Meantime, some important cases are examined, and some desirable properties are studied. Furthermore, if the information about the weighting vectors is incompletely known, the models for the optimal fuzzy measures on attribute set and ordered set are established, respectively. Moreover, an approach to multi-attribute decision making under Atanassov's interval-valued intuitionistic fuzzy environment is developed. Finally, a numerical example is provided to illustrate the proposed procedure.
Introduction
A wide range of aggregation operators are found in the literature. One common aggregation method is the ordered weighted averaging (OWA) operator [1] . It provides a parameterized family of aggregation operators that include as special cases the maximum, the minimum and the average. Its fundamental aspect is a reordering step in which the input arguments are rearranged in descending order and the weighting vector is merely associated with its ordered position. Since it was proposed in 1988, the OWA operator has been widely used in decision making under uncertainty, including expert systems, neural networks, fuzzy systems and controls [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . Based on the geometric mean, Xu and Yager [15] developed the ordered weighted geometric (OWG) operator to aggregate the arguments in a similar way as the OWA operator. Yager and Xu [16] developed the continuous OWG (COWG) operator. Wu et al. [17, 18] defined the induced continuous OWG (ICOWG) operator and the induced linguistic ordered weighted geometric (ILOWG) operator. Wei [19] developed the induced Atanassov's intuitionistic fuzzy ordered weighted geometric (I-IFOWG) operator and the induced Atanassov's interval-valued intuitionistic fuzzy ordered weighted geometric (I-IIFOWG) operator. Furthermore, Xu and Chen [20, 21] proposed some geometric aggregation operators and some arithmetic aggregation operators on Atanassov's interval-valued intuitionistic fuzzy sets (IVIFSs). Later, some authors found the ordered weighted operators only consider the importance of the elements' ordered positions, but do not give the importance of their own [22] . In 2003, Xu and Da [22] proposed the hybrid weighted averaging (HWA) operator, which does not only consider the ordered positions of the arguments, but also give the importance of them. After the pioneering work of Xu and Da [22] , many developed forms are proposed [23] [24] [25] [26] [27] .
All above aggregation operators are based on the assumption that the discussed elements are independent, i.e., they only consider the addition of the importance of individual elements. However, in many practical situations, the elements in a set are usually correlative [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] . When there exist inter-dependent or correlative characteristics among elements, it is unreasonable to aggregate the values for elements by using additive measures. Based on the Choquet integral [41] , many aggregation operators are proposed, such as the Choquet integral operator on fuzzy sets [30] , the Atanassov's intuitionistic fuzzy correlated averaging (IFCA) operator [31, 32] , the Atanassov's intuitionistic fuzzy correlated geometric (IFCG) operator [31] , the Atanassov's interval-valued intuitionistic fuzzy correlated averaging (IVIFCA) operator [31, 33] , the Atanassov's interval-valued intuitionistic fuzzy correlated geometric (IVIFCG) operator [31] , the induced Atanassov's intuitionistic fuzzy Choquet ordered averaging (IIFCOA) operator [34] , the combined continuous generalized Choquet integral aggregation (CC-GCIA) operator [35] and the induced generalized Atanassov's interval-valued intuitionistic fuzzy Choquet ordered averaging (I-GIVIFCOA) operator [36] . These operators do not only consider the importance of elements or their ordered positions, but also can reflect the correlations among them or their ordered positions. But all existing Choquet integral aggregation operators neither globally consider the importance of elements or their ordered positions nor overall reflect the correlations among them or their ordered positions.
The purpose of this paper is to develop two new induced Atanassov's interval-valued intuitionistic fuzzy hybrid aggregation operators, which do not only globally consider the importance of elements and their ordered positions, but also overall reflect the correlations among them and their ordered positions. It is worth pointing out that most of the existing Atanassov's intuitionistic fuzzy aggregation operators are special cases of our operators. Since the fuzzy measure is defined on the power set, it makes the problem exponentially complex. In order to globally reflect the interaction among elements and simplify the complexity of solving a fuzzy measure, we further introduce the induced generalized Shapley Atanassov's interval-valued intuitionistic fuzzy hybrid Choquet arithmetical averaging (IGS-IVIFHCAA) operator and the induced generalized Shapley Atanassov's intervalvalued intuitionistic fuzzy hybrid Choquet geometric mean (IGS-IVIFHCGM) operator. Furthermore, the models for the optimal fuzzy measures on attribute set and ordered set are respectively built. Moreover, an approach to Atanassov's interval-valued intuitionistic fuzzy multi-attribute decision making with incomplete weighting information and correlative conditions is developed.
The rest parts of this paper are organized as follows: In section 2, some conceptions and definitions are reviewed, such as the HWAA and HWGM operators, Atanassov's interval-valued intuitionistic fuzzy sets, fuzzy measure and Choquet integral. In section 3, the IGS-IVIFHCAA and IGS-IVIFHCGM operators are defined. Some important cases and desirable properties are studied. In section 4, the IGS-IVIFHCAA and IGS-IVIFHCGM operators are defined. The models for the optimal fuzzy measures are established, and an approach to multi-attribute decision making under Atanassov's interval-valued intuitionistic fuzzy environment is developed. In section 5, an example is provided to illustrate the developed procedure. The conclusions are made in the last section. 
Atanassov's interval-valued intuitionistic fuzzy sets
By extending Zadeh's fuzzy sets, Atanassov and Gargov [43] introduced the concept of Atanassov's interval-valued intuitionistic fuzzy sets (IVIFSs) as follows:
Definition 2.4 [43] Let X be a no empty finite set. An IVIFS A in X is expressed as 
Fuzzy measure and Choquet integral
As an effective tool to measure the importance of elements and the interaction among them, fuzzy measure (see [47] ) has been deeply studied by many researchers [47] [48] [49] [50] , and successfully used in many different fields, especially in game theory and decision making [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] .
Let {1, 2,..., } Nn  be a finite set, and () PN be the power set of N , i.e., the set of all subsets of N . We will often omit braces for singletons, e.g., by writing \ , , \ N i T N S instead of \{ }, Ni { }, T \{ } NS, respectively. Moreover, the cardinality of any subset () S P N  will be denoted by the corresponding lower case s. Definition 2.6 [47] A fuzzy measure on N is a set function :
Fuzzy integrals, as important aggregation operators for uncertain information, have been studied by many researchers. One of the most important fuzzy integrals is the Choquet integral. In 1997, Grabisch [48] gave the following concept of the Choquet integral on discrete sets. Definition 2.7 [48] Let f be a positive real-valued function on X , and  be a fuzzy measure on N. The discrete Choquet integral of f w.r.t.  is defined by (1) (2) ( ) ( ) ( ) ( 1) 1 ( ( ), ( ),..., ( )) ( )( ( ) ( )),
New Atanassov's interval-valued intuitionistic fuzzy aggregation operators
In this section, we shall define the generalized Shapley Atanassov's interval-valued intuitionistic fuzzy hybrid Choquet arithmetical averaging (GS-IVIFHCAA) operator and the generalized Shapley Atanassov's interval-valued intuitionistic fuzzy hybrid Choquet geometric mean (GS-IVIFHCGM) operator. Some important cases and desirable properties are studied. First, we introduce the generalized Shapley function
Interval-valued intuitionistic fuzzy operators
proposed by Marichal [51] for game theory as follows:
where  is a fuzzy measure on N.
When s = 1, then Eq.(2) degenerates to be the Shapley function [52] 
From Eq.(2), we know the generalized Shapley function is an expect value of the globally marginal contributions between the coalition S and every coalition in N\S. While Eq.(3) gives an expect value of the overall marginal contributions between the element i and every coalition in N\i. From Eq.(2), it is not difficult to get the following theorem. 
The IGS-IVIFHCAA and IGS-IVIFHCGM operators
Considering a set of two tuples 1 1 
Example 3.1 Consider the following collection of two tuples:
Since u 3 >u 1 >u 2 , we get (1)
Assume that the fuzzy measure  on IVIFS
and the fuzzy measure  on ordered set N ={1,2,3} is given
Then, we get the Shapley values of IVIFVs{} i i N   as follows: In the following, we present two hybrid aggregation operators, which can deal with the situations as given in Example 3.1.
Definition 3.1
An IGS-IVIFHCAA operator of dimension n is a mapping IGS-IVIFHCAA: n    defined on the set of second arguments of two tuples
where the notations as given above.
collection of IVIFVs in  , then their aggregated value by using the IGS-IVIFHCAA operator is also an IVIFV, denoted by
(1 ) ,
(1 )
Proof. The first result follows quickly from Definition 2.4. Below we prove Eq.(5) by using mathematical induction on n.
(i) When 2 n  , from Theorem 3.1 and Properties 3.1 and 3.2, we get
,
(ii) Hypothesis, Eq.(5) holds for n = k ( 2 k  ), namely,
When n = k + 1, from Proposition 3.1, we get
That is, for n=k+1, Eq.(5) still holds, and the result is obtained. □ degenerates to be a real number, then IGS-IVIFHCAA operator reduces to be the HWAA operator defined by Lin and Jiang [23] . GS-IVIFHCAA , ,..., n
degenerates to be an Atanassov's intuitionistic fuzzy value, namely, ( , ) 
(1 ) , IGS-IVIFHCGM , , , ,..., ,
where the notations as given in Definition 3.1.
Theorem 3.3 Let

 
[ , ],[ , ]
collection of IVIFVs in  , then their aggregated value by using the IGS-IVIFHCGM operator is also an IVIFV, denoted by
Proof. The proof of Theorem 3.3 is similar to that of GS-IVIFHCGM , ,..., n IGS-IFHCGM , , , ,..., , 
Some desirable properties
( , ) ( , ) ( , )
() ,
A A a n j j j
()
, A A a n j j j 4. An approach to Atanassov's interval-valued intuitionistic fuzzy multi-attribute decision making
A special case of the IGS-IVIFHCAA and IGS-IVIFHCGM operators
From Definition 2.6, we know the fuzzy measure is defined on the power set, which makes the problem exponentially complex. Thus, it is not easy to get the fuzzy measure of each combination in a set when it is large. The fuzzy measure proposed by Seguno [47] seems to well deal with this issue, which is expressed by u v x y    to rank the alternative a i (i=1,2,…,m), then to select the best one. Step 7: End.
A practical numerical example
Suppose there is an investment company, which wants to invest a sum of money in the best option (adapted from Ref. [55] ). There is a panel with four possible alternatives to invest the money: (1) a 1 is a car company; (2) a 2 is a food company; (3) a 3 is a computer company; (4) a 4 is an arms company. The investment company must take a decision according to the following three attributes: (1) c 1 is the risk analysis; (2) c 2 is the growth analysis; In the following, we can utilize the proposed procedure to get the most desirable investment company(s).
Step 1: Since c 2 (the growth analysis) is benefit attribute, and c 1 (the risk analysis) and c 3 (the environmental impact analysis) are cost attributes, we need to normalize the given matrix, as listed in the following. ( 
